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ABSTRACT 
 
Saltwater upconing that occurs in coastal aquifers due to groundwater pumping is 
described by a numerical model, based on a sharp interface assumption between 
freshwater and saltwater. For this, a numerical approach is developed for solving the 
free surface and the saltwater interface positions with the Galerkin finite element 
technique. Tow benchmark examples, involving saltwater interface upconing in 
coastal aquifers and introduced by authors such as Strack, Huyakorn and Motz, have 
been studied. The numerical and analytical results are compared and show good 
agreement. The critical rise in the interface due to pumping, above which an unstable 
saltwater dome can exist, is also analyzed and the critical pumping rate is calculated. 
 

INTRODUCTION 
Coastal aquifers are important for water resources supply, because these coastal zones 
are often heavily urbanized. The contact between freshwater and seawater in coastal 
aquifers requires special techniques of management. In fact coastal aquifers often 
involve varying conditions in time and space, such as pumping stations disturbing the 
fresh-saltwater interface. In response to pumping from a well in the fresh-water zone, 
the fresh-saltwater interface moves vertically toward the well (figure 1). When the 
pumping rate is below a certain critical value Qc, a stable cone will develop at some 
depth below the bottom of the well which discharges fresh water. But when the 
pumping rate reaches Qc , the cone will be unstable, and the interface will rise 
abruptly causing the discharge to become salty. 
In this paper we study the upconing problem developed around a pumping well by a 
numerical model which enables the prediction of the vertical displacement of the 
fresh-saltwater interface or upconing, in response to a pumping well. 
 
When considering saltwater intrusion in islands and coastal areas, the problem can be 
analyzed by two methods. The first method considers both fluids miscible and takes 
into account the existence of transition zone (Voss and Souza, 1984). The second 
method is based on an abrupt interface approximation (Bear and Verruijt, 1987) 
where, in the case that the transition zone is thin relative to the thickness of the 
freshwater lens, it is assumed that the freshwater and saltwater do not mix (are 
immiscible) and are separated by a sharp interface. 
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Figure 1. Saltwater upconing beneath a well 

 
Several authors studied saltwater intrusion in coastal aquifers, such as Huyakorn et 
al.(1996) who presented a numerical model based on the sharp interface approach and 
taking into account the flow dynamics of saltwater and freshwater. Strack (1976), 
developed an analytical solution for regional interface problems in coastal aquifers 
based on single-valued potentials and the Dupuit assumption and the Ghyben-
Herzberg formula, in the context of steady state. The critical pumping rate has been 
also computed in the case of a fully penetrating well. Motz (1992) proposed an 
analytical solution for calculating the critical pumped flow rate in an artesian aquifer 
for a critical interface rise supposed to be 0.3(b – l), where b denotes the aquifer 
thickness and l the distance from top of aquifer to bottom of well screen (figure 1). 
Bower et al.(1999) modified the critical interface rise based on an analytical solution, 
which allows the critical pumping rate to be increased. 
 
In this study it is assumed that an abrupt interface exists between freshwater and 
saltwater and its location, shape and extent must be determined under upcoming 
conditions due to pumping well. The Galerkin finite element approach (Larabi and De 
Smedt, 1997) is used and the numerical scheme is verified throughout two test 
problems, which are dealing with homogeneous, isotropic, confined and unconfined 
aquifers in the context of steady flow regime. 

 

GOVERNING EQUATIONS 
The general form of the equation describing stationary flow in an isotropic porous 
medium is : 
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where )z,y,x(x=
−

 is the position, )x(h
−

 is the hydraulic head, K is the hydraulic 
conductivity, depending upon position and pressure or saturation degree, q is the flow 
rate pumped or injected per volume aquifer unit, and )z/,y/,x/( ∂∂∂∂∂∂=∇ is the del 
operator. Boundary conditions need to be specified in order to have a unique solution 
in the flow domain. 
In the Dupuit assumption, the flow is considered to be horizontal. The governing 
equation is derived by integrating equation (1) above over the saturated height (the 
hydraulic head is independent of elevation z. Hence, equation (1) becomes: 
 
 0Q])x(h)x(T[ =+∇∇

−−
  (2) 

 
where T is the transmissivity and Q is the pumped or injected flow rate per aquifer 
surface unit. 
 
In the interface case (figure 2), the saturated height is: hf + hs. The depth of the 
interface hs is given by the Ghyben-Herzberg relationship : 
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fρ : freshwater density 
sρ : saltwater density 

 

 
Figure 2. Interface and water table conditions for unconfined coastal aquifers 

 
The transmissivity T becomes, for a homogeneous aquifer: fh)1(KT δ+= . 
An exact mathematical statement of the saltwater intrusion problem, in the 
assumption of the sharp interface, was presented by Bear (1979). However, in order to 
simplify the problem, the Ghyben-Herzberg relationship can be introduced. Bear and 
Dagan (1964) investigated the validity of the Ghyben-Herzberg, using the hodograph 
method to derive an exact solution, and showed in the case of a steady state confined 
aquifer of thickness B, that the approximation is good provided 8Q

KB
0

>δ
π , where B is 

the thickness of the aquifer, K is the hydraulic conductivity and Q0 is the freshwater 
discharge to the sea 
Analytical solutions for the interface problem based on the Dupuit assumption can be 
found in the works of Bear (1979, Van Dam (1983) and Strack (1987). These 
analytical models give reasonable results if the aquifer is shallow, but lack accuracy in 
the region of significant vertical flow component. This assumption is also unable of 
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handling anisotropy and nonhomogeneity of the aquifer. Only few analytical solutions 
are available for layered aquifers (Mualem and Bear, 1974; Collins and Gelhar, 1971). 
The simplest stationary interface solution based on this assumption was proposed by 
Glover (1959) for confined flow, later extended by Van der Veer (1977) to include 
phreatic flow. Strack (1976) presented an analytical solution based on the Dupuit 
assumption, and the Ghyben-Herzberg relationship. The solution is described in terms 
of single-valued potential and considering an areally semi-infinite aquifer for a steady 
state flow. Motz (1992) also presented an analytical solution giving the interface rise 
beneath a pumping well, in a confined aquifer overlain by an aquitard in the case of 
steady state flow. 
 

NUMERICAL FINITE ELEMENT SOLUTION 
The model is working in the context of a fixed flow domain and includes the 
saturated-unsaturated groundwater zone and salt water region. Hence, the free surface 
and the interface are not boundary conditions, but they are parts of the problem. The 
position of these surfaces can be obtained by the pressure equilibrium that exists 
between groundwater and atmosphere or saltwater. Mathematically the hydraulic head 
is expressed by : 
 

 φ+=ρ+= zg
pzh
f

  (4) 

 

g
p
fρ=φ  is the pressure head, p is the interstitial pressure, ρf is the freshwater density 

and g is the acceleration due to the gravity. 
The atmospheric pressure is often taken equal zero (hence φ = 0), so the free surface is 
the geometric location of points where h = z. Because of the quasi stationary saltwater 
zone assumption, the hydrostatic pressure distribution is adopted. Hence, in the 
saltwater region, the pressure is expressed by : 
 
 gzp sρ−=   (5) 
 
The freshwater head is as above expressed by: 
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pzh
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The interface must verify: 
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In the present approach a fixed finite hexahedral element mesh is used to discretize 
the whole domain, the saturated and unsaturated zones as well as the saltwater region 
(Larabi and De Smedt, 1994b). It is assumed that only freshwater is considered 
(constant fluid density flow), whereas, the salt water is at rest. Therefore, the 
groundwater flow is assumed to occur only in the freshwater region of the saturated 
zone and no flow considered in the unsaturated and saltwater regions. 
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According to this, the water table and the interface are effectively hold as impervious 
boundaries, but their location is unknown initially and must be obtained as part of the 
solution. The Galerkin finite element discretization results in a system of non linear 
algebraic equations: 
 
 [ ]{ } { }Qh)h(G =   (8) 
 
where { }h  is the vector of unknown nodal heads, [ ]G is the conductance matrix and 
{ }Q  is a vector containing the boundary conditions. The coefficients of the 
conductance matrix are given by: 
 
 dxdydzbbKG j

D

iij ∇∇=∫   (9) 

 
bi and bj are basis functions related to nodes i and j. The following properties are 
satisfied (Larabi and De Smedt, 1993): 
•  G is symmetric positive definite 
• G Gii ij

j i
= −

≠
∑  (all row sums are zero)   

The coefficients Gij are the expression of 2 contributions: the gradients of the basis 
functions which denote the shape of the finite element (hexahedral in this case) and 
the parameter K which refers to the hydraulic properties of the medium. According to 
Larabi and De Smedt(1993,1994b), the coefficients Gij (i≠j) can be approximated as 
follow: 
 
 *

ijijjisijij GkdxdydzbbKkG =∇∇≅ ∫  (10) 

Ks is the saturated hydraulic conductivity and kij is the relative conductivity (0 < kij < 
1) which depends on the status of the water in region between nodes i and j. Note that 
G*ij is constant, so during the solution procedure, only the relative conductivity have 
to be adapted for adjusting Gij in each iteration (which avoid more calculating time). 
The adjusting is performed by identifying the nodes in the unsaturated zone, 
characterized by a negative pressure head, and in the saltwater region for which 

z
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ρ≤φ ( no flow from saltwater toward the interface) 

Larabi and De Smedt (1994) proposed the following updating routine which insure a 
smooth passage from saltwater zone to freshwater zone or from unsaturated zone to 
saturated one: 
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k(ϕ) is a relative conductivity function defined as: 
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ε is theoretically zero, but chosen as a small number (ε=10-3, 10-4) in order to allow 
for the finite element equations corresponding to nodes in the unsaturated or saltwater 
zones to remain in the algebraic equations system without obstructing the numerical 
solution procedure. This means that there is a small but negligible amount of water 
movement in the unsaturated and the salt water zones. 
 
The Picard linearization method gives: 
 
 [G(hi)]{hi+1} = {Qi}  (14) 
 
{hi+1} is the vector of unknown nodal heads at the (i+1)th iteration 
[G(hi)]and {Qi} represent respectively the conductance matrix and the boundary 
conditions vector at the ith iteration. 
The updating process is repeated iteratively until there is no more significant change 
in the potential values over the flow domain. The merit of the solution procedure 
results from the fact that only relative conductivity values have to be adapted, which 
confers a certain fastness to the method. 
For solving the resulting linear equations system, the preconditioned conjugate 
gradients method is used, due to the symmetry and the positive definiteness of the 
conductance matrix, with an incomplete factorization preconditioner based on M-
matrix technique as suggested by Larabi and De Smedt (1994). 
In order to improve convergence of the nonlinear iterative scheme, the relaxation 
seems to be necessary when the iterations evolve slowly or, in particular, when 
oscillations occur in h during the solving process, from one iteration to the next 
(Cooley, 1983). The method of calculating the relaxation parameter used is an 
adaptation method derived from Huyakorn et al. (1996). The relaxation parameter ΩΩΩΩ 
is calculated as a function of the solution at the current (m+1) and previous (m) 
iterations, so that the relaxed current solution is ΩΩΩΩh(m+1) + (1 - ΩΩΩΩ)h(m). 
 

VERIFICATION OF THE NUMERICAL MODEL 
To verify the numerical model described above, two examples are considered, for 
which analytical solutions are available. Motz (1992) presented an analytical solution 
for a saltwater upconing problem in homogeneous aquifer overlain by a leaky 
confining bed in the context of steady flow. Strack (1976) presented an analytical 
solution for solving 3 dimensional interface problems in coastal aquifers. In the both 
cases, restriction is made to cases of steady flow with homogeneous isotropic 
permeability and using the Dupuit assumption. 

Interface upconing in a confined aquifer overlain by an aquitard 
The problem chosen for comparison with the approximate solution is a field problem 
that was used by Motz (1992, 1997) and Bower et al.(1999). The site-specific 
parameters required are summarized in table 1. 
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Table 1: Parameters used in the Motz’s example 

 

Initial elevation of the saltwater-freshwater interface 
Initial freshwater head 
Horizontal intrinsic permeability kxx, kyy 
Leakance of the confining bed k'z/b' 
Freshwater head in overlying constant head source bed 
Freshwater head at constant head boundary nodes 
Bottom elevation of well screen 
Length of well screen 
Distance from well bottom to the initial interface 

-438.8 m  
10.9 m 
9.26×10-12 m2 
1.2×10-3 /day 
10.97 m  
10.97 m 
-260.0 m 
221.0 m 
178.8 m 

 
The aquifer is represented by a square as described by Huyakorn et al.(1996). Only 
the first quadrant of the domain was simulated with a pumping well located at x = y = 
0.0 at the lower left corner of the xy plane of the domain (a square of 15,000 m). This 
square is non uniformly spaced : from the origin until (x, y) = (2000, 0) and (x, y) = 
(0, 2000), a regular spacing of 50 m is used. Beyond these two points we used a 
greater regular spacing of 1000 m. The mesh consists on 54 rows × 54 columns. The 
domain thickness is subdivided into 21 planes irregularly spaced : the first and the 
second planes are located at z = -3 and -39 respectively, while we used a constant 
spacing (∆z = 24.56 m) along the screen (z = -39 to z = -260 ) and finally a constant 
spacing (∆z = 17.9 m) is also used from z = -260 m to z= -439 m. Finally, the total 
number of nodes is nn = 61236 while the total number of finite elements is 56180. 
 

Results and discussions 
The modified Bessel functions of the second kind, zero order in the equations of 
Motz’s analytical solution (Motz, 1992) are calculated using a polynomial 
approximation described by Abramowitz and Stegun (1965). The infinite series of 
these equations are calculated using n = 10000. 
 
Four simulations have been performed in steady state, respectively for Q = 25 Kg/s, 
50 Kg/s, 120 Kg/s, 140 Kg/s. Both the numerical and the Motz’s analytical position of 
the interface below the pumping well are plotted (figure 3), based on field case in 
Pasco County, Florida, USA (Motz, 1992). 
For the first 3 pumped flow rates, the comparison between both solutions showed a 
good agreement. However, for the other pumping rates there is also agreement 
between predicted solutions, except in the vicinity of the pumping well where the 
divergence starts to be relatively important. This is due to some assumptions on which 
the Motz’s analytical solution is based. Indeed, in the Motz’s approach, the 
trasmissivity was assumed to be constant, which was not true, because the thickness 
of the aquifer (the freshwater zone) varies in response to pumping, due to the interface 
upconing, which becomes as important as the pumped rate is, and so the aquifer 
thickness becomes thinner beneath the well bottom. In another hand the Motz’s 
analytical solution is based on the partial penetration factor for drawdown in a 
piezometer to be independent of depth z (Motz, 1992) and uses the horizontal flow 
approximation around the well too, which is not valid, because the velocities are not 
horizontal and became more and more vertical with increasing pumping rates. 
 

Parameters Value 
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Figure 3. Interface location for both Motz’s analytical and numerical solutions 
 
In order to calculate the critical pumping rate, the pumping flow rates are plotted 
versus numerical interface rises beneath the well as shown by figure 4. 
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Figure 4. Pumping rate versus interface rise 

 
Motz (1992) proposed a hypothetical critical rise ∆c = 0.3(b - l) and then calculated 
the analytical critical pumping rate Qc = 140 Kg/s with (rw= 0.305 m, b = 436 m, T = 
3420 m2/day, K’/b’=1.2×10 –3 day-1 and Kz/Kr = 1, d/b = 0.0 and l/b = 0.589). We 
calculated the analytical critical pumping flow rate, based on Motz’s solution, but 
with d/b= 0.083 (which is the right one for the Pasco County case) and then the 
analytical Qc = 103.63 Kg/s. On another hand, Bower et al. (1999) developed an 
analytical solution to calculate iteratively the critical interface rise which is found for 
the Pasco County case ∆c = 0.89(b - l); and the corresponding analytical critical 
pumping rate is Qc = 126.35 Kg/s with ( rw= 0.305 m; b= 436 m; T = 3420 m2/day; 
K’/b’=1.2×10–3 day-1; Kz/Kr = 1; d/b = 0.083 and l/b = 0.589). 
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Numerically, the critical pumping rate Qc is deduced from figure 4 and corresponds to 
point A determined by the well characteristic curve slope increasing. The beginning of 
the (Q, ∆) curve non-linearity reflects in fact that the interface rise increases abruptly 
for a minimum increase in the pumped flow rate. Based on the field case of Pasco 
County, Florida, USA (Motz, 1992), Qc = 192.5 Kg/s (figure 4). For point A, the 
critical rise ratio 61.0lb

c =−
∆ , while it was assumed to be 0.3 in the Motz’s work (Motz, 

1992) and 0.89 for the work of Bower et al. (1999). According to the critical rise ratio 
0.3 proposed by Motz (1992) and (b – l) = 179 m for the Pasco County case, the 
critical rise must then be 53.7 m and the corresponding pumping flow rate, deduced 
from figure 4, is Qc = 115 Kg/s, which is slightly greater than that predicted by Motz 
(1992) (Qc = 103.63 Kg/s) with the specific-site parameters used in our simulation 
(rw= 0.305 m, b = 436 m, T = 3420 m2/day, K’/b’=1.2×10 –3 day-1 and Kz/Kr = 1, d/b 
= 0.083 and l/b = 0.589). 
 

Upconing beneath a pumping well in a coastal unconfined aquifer 
This example deals with seawater intrusion in an areal plane of an unconfined aquifer 
with a pumping fully penetrating well near the coast line in steady state regime. The 
well withdraws freshwater only, causing upconing of underlying salt water. (Strack, 
1976). The parameters used for verifying the numerical model (table 2) are the same 
as taken by Huyakorn et al.(1996), and later by Padilla et al.(1997). 

 
Table 2: Parameters used for the Strack’s problem 

 
Parameters Values 
Fresh water flux Qf 
Well pumping rate Qw 
Well location(xw, yw) 
Hydraulic conductivity, K 
Depth from mean sea level to aquifer base 

1 m2/day ( at x = 1000 m) 
400m3/day 
(600 m, 0) 
70 m/d 
20 m 

 
The domain is composed of 1000 m×4000 m respectively along x and y directions. 
But, due to the symmetry upon the y axis, only the upper part of the domain was 
discretized. Two simulations were performed, one in 3-D and the second one in 2-D.  

3-D simulation results 
A non uniform rectangular grid was used for the xy plane where a minimum grid 
spacing of 5m, along the x and y axes was used to take into account steep hydraulic 
gradients in the vicinity of the pumping well, whereas a maximum of 100 m was used 
elsewhere (39 columns×31 rows). The vertical axis was subdivided into 6 planes : a 5 
m regular spacing is used from mean sea level (msl) to the aquifer bottom, whereas 
another plane had been taken at z = 0.88 m. The total number of nodes is 7254, while 
the total number of elements is 5700. 
For the 3-D simulation, a flux boundary q = 0.048 m/day is affected to each node of 
the upstream face. For the seawater coastal boundary condition, we used a fixed 
hydraulic head (h = 0, at x = 0), as taken by Strack (1976). The simulated and 
analytical interface and water table positions are both plotted in figure 5. The results 
show that there is a very good agreement between predicted water table positions. The 
predicted interfaces results are comparables with slight differences. 
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Figure 5. Interface and water table positions for both analytical and 3-D simulated solutions 

 

2-D simulation results 
In order to be close to the assumptions used by Strack (1976), we have tested 2-D 
simulation for the same grid discretization, as for the 3-D simulation, in the xy plane. 
Constant fresh water influx (q = 1 m/day), was specified at the inland boundary (x = 
1000 m). The 2-D simulated and analytical interface and water table positions are 
both also plotted in figure 6 

0 200 400 600 800 1000
Horizontal distance ( m )

-20

-15

-10

-5

0

I
n
t
e
r
f
a
c
e

e
l
e
v
a
t
i
o
n

(
m

) Dashdot lines : 2-D present numerical solution

Solid lines : Analytical Strack's solution (1976)

 
Figure 6. Interface and water table location for both analytical and 2-D simulated solutions 

 
For this 2-D simulation case, figure 6 shows improvement of the results. Indeed, 
analytical and numerical solutions are based on the Dupuit assumption, and the 
difference between the 3-D numerical and the analytical solutions is then due to the 
vertical component of the flow, which was not neglected in the 3-D simulation case. 
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CONCLUSION 
The numerical model presented in this paper is able to predict the location, the shape 
and the extent of the interface especially in upconing saltwater conditions, either in 
unconfined or confined aquifers. The verification of this numerical model for 
upcoming problems was made using the available analytical solutions to find the 
interface location and its extent. The numerical and analytical results are generally in 
a good agreement. In the case of a confined aquifer, the critical pumping rate is 
determined on the basis of pumping rate versus interface rise curve, the flow rate is 
compared to the one predicted by Motz (1992) and Bower et al.(1999). 
However, it is important to mention here that the Motz’s solution was based on 
approximations which are not justified, especially in the vicinity of the pumping well. 
Hence, It will be interesting to reconsider the Motz’s analytical solution based on the 
original correction factor for drawdown in a piezometer as used by Hantush (1964). 
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